Abstract -General solutions of the Klein-Gordon equation satisfying the Dirichlet boundary conditions on one fixed wall and the other wall moving with a constant velocity are derived. These solutions are specified by an arbitrary periodic function whose period is equal to twice the value of the rapidity of the moving wall. Choosing this function as a combination of trigonometric functions one obtains the solutions derived recently by Koehn. The method is also tested in the case of the d'Alembert equation where it reproduces in a simple manner well-known results.
Introduction. -In recent papers [1, 2] Koehn derived solutions of the d'Alembert equation and the KleinGordon equation "in an infinite square-well potential with a moving wall". One wall was assumed to be fixed and the other was moving with a constant velocity v. The physical interpretation of such solutions is that they describe the wave functions of relativistic massless or massive particles confined by infinitely high potential walls. The assumption of infinite walls leads to the Dirichlet boundary conditions. The solutions of the d'Alembert equations derived by Koehn are not new; the only new part is the solution of the Klein-Gordon equation. There is a huge number of papers where the solutions of the Dirichlet boundary conditions for the d'Alembert equation were given. The first papers [3, 4] dealt with this problem in the context of radiation pressure. The renewed interest in the problem of moving walls, that began with the paper by Moore [5] , is due to the photon production resulting from time-varying boundary conditions. A recent review paper by Dodonov [6] on the dynamical Casimir effect presents the history of the subject and it contains an extensive bibliography.
In this letter I give a simple and more general derivation of the solutions of the Klein-Gordon equation. The mathematical problem is reduced to the requirement that the function that specifies the solution be periodic; the period is equal to twice the value of the rapidity of the moving wall. The same procedure applied to the d'Alembert equation reproduces the known solutions. The solutions derived It will be convenient to use the logarithmic variables η =ln(ct + z)a n dζ =ln(ct − z),
It is assumed that t and z lie in the future light cone so that the arguments of both logarithms are positive. The variables ct and z are made dimensionless by choosing some unit of length.
To satisfy the Dirichlet boundary condition on the fixed wall (positioned for convenience at z = 0) one must assume that for all times f − (ln(ct)) = −f + (ln(ct)). Thus, the two functions reduce to just one arbitrary function and the general solution satisfying the boundary condition at z =0 is
The implementation of the boundary condition on the moving wall requires that for all times the following relation holds:
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will satisfy this condition. In the terminology of elementary particle physics p is twice the rapidity of the moving wall. The most general solution of our problem is given by the formula (2) with f being an arbitrary periodic function with period p.Choosingf as the exponential function one obtains
where Ω=2π/p is an analog of angular frequency and n is an integer. This simple choice of f gives the following solution of the d'Alembert equation satisfying the Dirichlet boundary conditions
The last line is (up to the factor 2i √ nπ) the result given in refs. [1, 2] (eqs. (15) and (9), respectively).
The solution in terms of a Mathieu function. The exponential functions and their combinations cos and sin are the only functions that allow for the separation of variables in hyperbolic coordinates ρ and υ used by Koehn,
For all other functions this procedure does not work. Important examples of periodic functions are elliptic functions and Mathieu functions [7] . I have chosen the Mathieu function ce 1 (z, 4) to illustrate how the solution of the boundary conditions works in the nonseparable case. Since the period of this function is 2π we have to rescale the argument, as was done in the formula (5), in order to change the period to p. The solution constructed from the Mathieu function according to (1) is ψ(z, t)=ce 1 (Ω ln(ct + z), 4) − ce 1 (Ω ln(ct − z), 4) , (8) and it reads ψ(z, t)=ce 1 (Ω ln(ρυ), 4) − ce 1 (Ω ln(ρ/υ), 4) . (9) In fig. 1 the shape of the solution (8) is plotted as a function of z for successive values of t.
The Klein-Gordon equation. -The starting point of the derivation is the standard expansion of any solution of the Klein-Gordon equation in free space into monochromatic plane waves with positive and negative frequencies, where
In what follows I shall consider only φ + (z, t)s i n c eφ − (z, t) can be handled in the same fashion. A convenient change of the integration variable k to q =ln[(ω/c − k) /mc] gives the formula
where ct and z are expressed in units of /mc.I no r d e rt o satisfy the Dirichlet boundary condition on the fixed wall one needs just the antisymmetry of f + (q) since cosh q is symmetric. Thus, the function φ + (z, t) can be written in the form
where f (q) is an arbitrary function. The Dirichlet boundary condition on the moving wall leads to the condition:
With the help of the following general relation:
one obtains
where the integration variable was shifted by half of the period p,
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The expression in the square brackets will vanish for all periodic functions f that have the period p as in the case of the d'Alembert equation. One may replace −q by q in the second term due to the symmetry of coshq. Again, choosing f in the expression (12) as the exponential function (5) one can reproduce the results of refs. [1, 2] ,
In producing this chain of equalities first the relation (14) was used, then the integration variable q was shifted by (η − ζ)/2, and finally the resulting expression was identified [8] as the integral representation of the first Hankel function H
inΩ .C h o o s i n gφ − (z, t) instead of φ + (z, t)o n e would obtain the second Hankel function H (2) inΩ . Any linear combination of these two solutions will also satisfy the Klein-Gordon equation and the Dirichlet boundary conditions. In particular, one may obtain the solution derived in refs. [1, 2] . There are misprints in eqs. (17) and (11) of these papers; the indices of the Bessel functions should be ik n and not ik.
The exponential function in the formula (17) is the only function that gives a solution of the Klein-Gordon equation separable in the hyperbolic coordinates. The proof of this statement rests on the expansion of the integrand in (12) in powers of lnυ. With the use of the relation (14) and after the shift of the integration variable we obtain:
The integration removes all odd terms in q of the expression in square brackets. Therefore, the first two terms of the expansion are Upon the integration over q the variables ρ and υ will be separated in the resulting expression if the two terms in the square brackets are proportional, i.e.,
This equation is solved by exponential functions for which we already know that the solution is separable. In all other cases separability is lost. * * * I would like to thank Zofia Bialynicka-Birula and Lukasz Rudnicki for fruitful discussions. This research was partly supported by the grant from the Polish Ministry of Science and Higher Education for the years 2010-2012.
